Abstract. Given a countable residually finite group, we construct a compact group K and three elements w, t and u of K with the following properties: The group generated by w and t is amenable, the group generated by w and u contains a copy of the given group, and both of two groups above is dense in K. By combining it with a construction of non-exact groups that are LEF by Osajda and Arzhantseva-Osajda and formation of diagonal products, we construct an example for which the latter dense group is non-(C * -) exact. Furthermore, we construct a profinite action of a non-exact group with a spectral gap which admits a finitely generated amenable subgroup such that the restricted action to this subgroup remains minimal and ergodic.
Introduction
In the present paper, we provide a way to construct RF (Residually Finite) groups with interesting properties. More precisely, we prove certain embedding theorems into RF groups. Our main point is that we extend our framework from RF groups to LEF (Locally Embeddable into Finite groups) groups, which are closely related to the space of marked groups. See Section 2 for more details of our method and organization of the current paper. Here we briefly recall notions of RF and LEF groups, which are equivalent to the standard definitions for finitely generated groups. See Subsection 4.1 for details of terminologies appearing in the definition below. Definition 1.1. Let G be a finitely generated group.
(1) ( [Mal73] , [Stë84] , [VG97] ) The group G is said to be LEF if for some (equivalently every) marking S of G, there exists a sequence of finite marked groups such that it converges to (G; S) in the space of marked groups. (2) The group G is said to be RF if moreover, we can take a convergence sequence as in
(1) such that it consists of marked group quotients of (G; S).
One of the motivations to construct RF groups with specified properties comes from the work [MS13] and [MS18] of Sako and the author. Our main theorem, Theorem A, in particular serves as a source to address the following question. Question 1.2. For a compact (Hausdorff) infinite group K and two finitely generated dense subgroups Λ 1 and Λ 2 in K, how different can the group properties of Λ 1 and Λ 2 be? Question 1.2 is related to RF groups. Indeed, a result of Mal'cev implies that Λ 1 and Λ 2 in Question 1.2 must be RF: By the Peter-Weyl theorem, every compact group is residually linear. This question is inspired by a conjecture of Lubotzky and Weiss [LW93, Conjecture 5.4], which predicted that in the setting of Question 1.2, it would be impossible that Λ 1 is amenable (see [NY12, Chapter 3] ) and that Λ 2 has Kazhdan's property (T) (see [NY12, 6.4] ). This conjecture was resolved in the negative by Ershov and Jaikin-Zapirain [EJZ10, Subsection 6.3] for K of the form K = ∏ n∈N ≥1 SL(3n, F p ) for a fixed prime p, where F q denotes the finite field of order q for a prime power q. Kassabov provided a different example using a similar idea; see [EJZ10, Subsection 6.3] .
Throughout this paper, we always equip an infinite direct product K of finite groups with the product topology and regard K as a compact group. We use the terminology "generation" for algebraic generation (as a group), even inside such a K. For n ∈ N ≥1 , a group G is said to be n-generated if there exist g 1 , . . . , g n ∈ G that generate G.
Our main theorem, Theorem A, provides an answer to Question 1.2 by proving that they can be considerably different. Moreover, we may construct such examples with the minimal numbers of generators: Λ 1 and Λ 2 are both 2-generated, and one generator is in common. To state Theorem A, we use the following terminology. Definition 1.3. Let 1 → N →G → G → 1, be a short exact sequence of countable discrete groups. Assume that N satisfies a group property N . Then we say thatG is an N -lift of G.
We use the terminology lift rather than extension because there is ambiguity of expressing extensions ("G-by-N " or "N -by-G"). The property N of our concern is being (countable) locally finite, that means all of its finitely generated subgroups are finite. Locally finite groups are amenable and have asymptotic dimension 0 (see [NY12, 2.2 
]).
For two countable discrete groups G and H, we define the standard (restricted) wreath product G ≀ H by (⊕ H G) ⋊ H, where H acts on ⊕ H G by permutations of indices by the right multiplications. For n ∈ N ≥1 , denote by [n] the set {1, 2, . . . , n}. For a finite set B, define Alt(B) as the alternating group over B.
Theorem A (Main theorem: Embedding theorem in the context of finitely generated dense subgroups in a compact group). Let G be a finitely generated LEF group. Then, there exist
• a sequence (n m ) m∈N of strictly increasing natural numbers at least 5, • a sequence (p m ) m∈N of mutually distinct primes, and • three elements w, t and u in
such that the following three assertions are all satisfied:
(1) The group Λ 1 = ⟨w, t⟩ is a locally-finite-lift of Z; (2) the group Λ 2 = ⟨w, u⟩ contains an isomorphic copy of a locally-finite-lift of G; (3) these two subgroups Λ 1 and Λ 2 are both dense in K.
Moreover, for a given finitely generated RF group H, we may arrange (n m ) m , (p m ) m , w, t, and u such that Λ 2 above contains an isomorphic copy of H.
Remark 1.4. Through diagonal products (Subsection 4.2), the statement of Theorem A for the LEF group G follows from that for the RF group H. Nevertheless, we state Theorem A as in the form above because we first prove the assertion for G and then upgrade it to that for H; compare with Subsection 5.3.
Remark 1.5. Remarkably, Wilson [Wil80] showed that every countable RF group is embedded into a 2-generated RF group. Hence, we may drop the finite generation condition on a (countable) H in the last assertion of Theorem A.
As a byproduct of Theorem A, we may have Λ 1 being a locally-finite-lift of Z and Λ 2 being non-(C * -)exact in the setting of Question 1.2; see Corollary 3.1 for the detailed statement. (C * -)exactness, hereafter we write as exactness, for countable groups is equivalent to admitting an amenable action, in the sense of Anantharaman-Delaroche [Oza06, Definition 2.1], on some compact Hausdorff space by homeomorphisms. Amenability is equivalent to saying that every action on a compact Hausdorff space by homeomorphisms is amenable. From this point of view, non-exactness may be seen as an extreme negation of amenability. Non-exactness of groups has been considered as a pathological property of a group. Corollary 3.1 follows from existence of (finitely generated) non-exact LEF groups due to Osajda [Osa18] , which is built upon the earlier work of Osajda [Osa14] and Arzhantseva-Osajda [AO14] ; see Section 3, specially Remark 3.2.
If we hope to make some control to the resulting group Λ 2 as in Theorem A, then we have a weaker result than Theorem A; see Proposition 6.1. For instance, it enables us to obtain a finitely generated RF group Λ 2 with a certain group property such that there does not exist any infinite subgroup of Λ 2 with property (T), provided that G satisfies this non-existence condition; see Remark 6.2.
Furthermore, (ii) of Proposition 6.1 enables us to take K of the form
where p is an arbitrary fixed prime and (n m ) m∈N is a certain sequence of positive integers that are divisible by 4. This provides an example of an action Λ 4 ↷ K as follows:
Theorem B (Variety of profinite actions for the same underlying space). Let H be a countable RF group. Then, there exists a compact group K and a finitely generated (more precisely, 9-generated) dense subgroup Λ 4 such that all of the following hold true:
• Λ 4 contains an isomorphic copy of H.
• Λ 4 admits a finitely generated subgroup Λ 1 that is a locally-finite-lift of Z and dense in K.
• The action Λ 4 ↷ K has a spectral gap with respect to the Haar probability measure ν of K (see Subsection 6.3 for the definition).
In particular, in the same way as in Section 3, we can take Λ 4 above to be non-exact.
Since Λ 4 and Λ 1 is dense in K, these actions Λ 4 ↷ K and Λ 1 ↷ K is (set-theoretically) free, minimal, and measure preserving and ergodic with respect to ν; see Remark 3.4. Further, both of these actions in our construction are profinite and are given by projective systems with the common sequence of finite groups
see Subsection 4.4 for profiniteness and Subsection 6.3 for the construction.
In this paper, we refer the reader to comprehensive treatments on coarse geometry (and concerning group properties), exactness of (mainly, countable) groups, and the space of marked groups (and the LEF property), respectively, to [NY12] , [Oza06] , and [VG97] , [MS13] and [MS18] . The reader who is not familiar with either of these topics will find further references from these treatises above.
Strategy of the proof of Theorem A and organization of this paper
We emphasize that, even our goal is to construct RF groups, it is of importance in our construction to extend our framework to LEF groups. For instance, if G in Theorem A is RF, then the last statement of Theorem A shows that we can embed G into a 2-generated RF group Λ 2 that satisfies all of the conditions of Theorem A. Even though in this case the statement above is expressed inside the framework of RF groups, a clear way to prove it may be to consider LEF approximations (see Subsection 4.1), which do not come from group quotients. The following two points may be crucial to enlarge our framework from RF groups to LEF groups.
• The LEF property is closed inside the space of marked groups. This means, for a convergent sequence of marked groups in the Cayley topology, if each marked group in the sequence is LEF, then so is the limit. See the proof of Theorem A, more precisely
Step 3 in Subsection 5.3, how we utilize this closeness property.
On the other hand, the RF property is not closed. It implies that it is sometimes much easier to construct a LEF group with specified property than to obtain such a RF group; compare with Remark 3.2.
• The LEF property for finitely generated groups is closed under taking standard (restricted) wreath products. This provides us room that suffices to apply variants of Hall's embedding argument ([Hal61, 1.5]) and of an absorption lemma ([BE15, Lemma 6.13] and discussion in [MS18, Subsection 6.2]). The former is employed to reduce the number of generators to 2; the latter is used to construct two system of markings of a fixed sequence of finite groups that have considerably different behaviors at the Cayley limits (see Step 3 in the outlined proof of Theorem A below). See, respectively, Lemma 4.9 and Proposition 5.3 for precise statements. In contrast, permanence of the RF property under formation of standard wreath products is quite restrictive; see Remark 4.8.
Concerning the first point, one of the major open problems on geometric group theory asks whether all (Gromov-)hyperbolic groups are RF. If the answer to this problem is affirmative, then all groups constructed as (infinitely presented) limits of (possibly graphical) finitely presented small cancellation groups will be automatically LEF. By contrapositive, it implies that if there exists one infinitely presented small cancellation group that is not LEF, then it will resolve the problem above in the negative.
The price here to pay for switching our framework from RF groups to LEF ones is that our outcome is only a LEF group, not a RF group in general. However, the diagonal product of marked groups enables us to have a RF group out of a LEF group such that it is a locally-finite-lift of the original LEF group (here is the place where a locally finite kernel comes into play); see Subsection 4.2. Note that Wilson [Wil80] argued in a similar way to one as in the original embedding argument of Hall, which was inspired by the work of B. H. Neumann and H. Neumann [NN59] , by employing standard unrestricted wreath products; Wilson considered a split extension of an infinite products of them and recovered the RF property to establish the aforementioned result in Remark 1.5. However, in our motivation concerning Question 1.2, it may not be clear whether we can take a similar strategy to that.
The proof of Theorem A consists of the following four main steps.
Step 1. For a given finitely generated LEF group G, embed it into a LEF group G # that is generated by (finitely many) torsions; see Lemma 5.1. This step is used to obtain the final group Λ 1 that is a locally-finite-lift of Z.
Step 2. Encode information of a LEF approximations of the G # above into alternating groups; see Subsections 4.5. This step is important to ensure that the final groups Λ 1 and Λ 2 are dense in K, as well as to obtain an isomorphic copy of G # inside one of the Cayley limit group of a sequence of 2-marked groups. For the former, see Lemma 4.7, which is a corollary to Goursat's lemma.
Step 3. Combine a variant of an embedding argument of Hall and that of an absorption lemma. Obtain two systems of 2-markings of finite groups which are related to a LEF approximation of G # that satisfies the following conditions: With respect to one marking, the Cayley limit group is (Z 2Z) ≀ Z; with respect to the other, the Cayley limit group contains a copy of G # . See Proposition 5.3 for details and also Lemma 4.9 for the variant of Hall's argument.
Step 4. Take the diagonal products associated, respectively, with the two LEF approximations constructed in the third step; see Subsection 4.2. This procedure provides us with desired w, t and u in Theorem A.
To prove the last assertion on a RF group H, we a priori take a specific LEF approximation coming from a projective system in order to construct an isomorphic copy of H in the resulting Λ 2 ; see Subsection 4.4.
Remark 2.1. It is known that for an infinite H, the group G ≀ H never has property (T) unless G is trivial. Hence, despite that Question 1.2 is inspired by the Lubotzky-Weiss conjecture, Theorem A, Proposition 6.1 or arguments in this paper do not produce a dense group Λ 2 with property (T). However, we are able to obtain Λ 2 that contains an infinite subgroup with property (T); see Remark 3.4.
See also Theorem B and Subsection 6.3 for an application of the original solution of the Lubotzky-Weiss conjecture by [EJZ10] to our setting.
The organization of the present paper goes as follows: In Section 3, we state Corollary 3.1 and deduce it from Theorem A. We explain some motivation of (ii) of Corollary 3.1. In Section 4, we explain several ingredients of the proof of Theorem A, including a brief introduction of the space of marked groups and diagonal products (Subsections 4.1 and 4.2), a corollary to the Goursat lemma (Subsection 4.3), profinite completions (Subsection 4.4), encoding (Subsections 4.5) and a variant of Hall's embedding argument (Subsection 4.6). Section 5 is devoted to the proof of Theorem A, including the first step (Lemma 5.1 in Subsection 5.1) and the third step (Proposition 5.3 in Subsection 5.2) in the outlined proof above. In Section 6, we formulate Proposition 6.1, and prove it and Theorem B.
Application to "amenability versus non-exactness"
Here we deduce the following corollary to Theorem A. See [NY12, Chapter 3] for the definition of elementary amenable groups.
Corollary 3.1. (i) Let P be a group property of countable discrete groups. Assume that P satisfies the following two conditions:
• P is closed under taking locally-finite-lifts;
• P is closed under taking overgroups, namely, if G ⩾ H and H has P, then so does G. Assume that there exists a (finitely generated) LEF group with P. Then there exist a compact group K and three elements w, t, u ∈ K such that the following three assertions are fulfilled:
(1) The group Λ 1 = ⟨w, t⟩ is a locally-finite-lift of Z. In particular, Λ 1 is elementary amenable and has asymptotic dimension 1; (2) the group Λ 2 = ⟨w, u⟩ has P; (3) both of Λ 1 and Λ 2 are dense in K.
In the statements above, we may drop the first condition on the property P if there exists a (countable) RF group with P.
(ii) (Amenability versus non-exactness) There exist a compact group K and three elements w, t, u ∈ K such that Λ 1 = ⟨w, t⟩ is a locally-finite-lift of Z, Λ 2 = ⟨w, u⟩ is not-exact, and both of Λ 1 and Λ 2 are dense in K. Moreover, for a given (countable) RF group H, we may arrange K, w, t, and u above (both in (i) and (ii)) such that Λ 2 contains an isomorphic copy of H.
In (ii), the group ⟨w, t, u⟩ is non-exact because it contains Λ 2 . Hence the assertion there, in particular, implies that adding one more generator to a finitely generated dense subgroup of a compact group can completely ruin a property of the group. See also Remark 3.4 for a possible application of (ii) in terms of warped cones.
Exactness of a locally compact group means G that its reduced C * -algebra C * red (G) is exact; see [Oza06] and [BO08] . As we mentioned in Introduction, it is equivalent to admitting an amenable action on a compact space for countable discrete groups. Exactness for countable groups is also known to be equivalent to property A of Yu (see [NY12,  Chapter 4]); see [Oza06, Theorem 2.5]. See [Gro03] and [AD08] , as well as [AO14] , [Osa14] and [Osa18] , for the history of constructions of non-exact groups.
Remark 3.2. Item (ii) of Corollary 3.1 in particular provides an example of an RF nonexact group Λ 2 , which answers [BO08, Problem 10.4.6], that is different from the first example by Osajda [Osa18] . In his work, the main difficulty was to ensure the RF property of the resulting group. The LEF property of it is automatic because this group is constructed as a limit in the Cayley topology of RF groups; such a group is LEF because it is, in particular, a Cayley limit of LEF groups and the LEF property is a closed property. Recall our discussion in Section 2. In [Osa14] and [AO14] , discussion on the LEF property was not explicitly written. In the later work of Osajda [Osa18] , the construction that satisfies the condition above was given.
In our construction, on the other hand, the RF property follows from general theory out of the LEF property; compare with the statement of Theorem A. However, in contrast to the groups constructed in [Osa14] and [AO14] , and [Osa18] , the group Λ 2 in our construction may not be an (infinitely presented) graphical small cancellation group. We do not know whether our Λ 2 as in (ii) of Corollary 3.1 is a-T-menable (see [NY12, 6 .2]), whereas constructions in [Osa14] and [AO14] , and [Osa18] provided a-T-menable non-exact groups (see [MS18, Remark 7 .5]); compare with Remark 6.3.
The group Λ 2 as in (ii) of Corollary 3.1 also implies that exactness for topological (locally compact) groups does not coincide with that for discrete groups. Indeed, K as in (ii) of Corollary 3.1 is exact as a topological group (because it is compact). However, it is not exact as a discrete group because K contains a non-exact subgroup Λ 2 . This inconsistency was previously observed by K. Li from the result [Osa18] , and this was one of the motivations of the concerning work of Osajda.
Proof of "Theorem A implies Corollary 3.1". Item (i) is a direct corollary; recall also Remark 1.5. To prove (ii), observe that the work of [Osa18] , [Osa14] and [AO14] implies existence of a finitely generated LEF non-exact group; see Remark 3.2. The other key is the following. Proposition 3.3. Let P be the failure of exactness (for countable discrete groups). Then P is closed under taking overgroups. It is also closed under formation of amenable-lifts; in particular, it is closed under taking locally-finite-lifts.
Proof. It is well-known that exactness is closed under taking subgroups (see discussion below Definition 2.4 in [Oza06] ). Nowak [Now09, Theorem 2] showed that exactness is closed under taking quotients by amenable normal subgroups. (Nowak proved this closeness in the context of property A; it may be also proved in terms of exactness of reduced C * -algebras by virtue of Theorems of Kirchberg and other researchers.)
These two keys above enable us to deduce (ii) from (i).
We may also prove (ii) by embedding the (finitely generated) RF non-exact group, constructed by [Osa18] , into Λ 2 .
Remark 3.4. Sawicki [Saw, 4 .5] constructed a class of metric spaces with some pathological property (such as the failure of the coarse Baum-Connes conjecture) such that they are not coarsely equivalent to any sequence of graphs (in particular, they are far from being geodesic spaces in any sense). They are constructed as (level sets of) warped cones of certain group actions Γ ↷ Y on the Cantor set Y . Nowak-Sawicki [NS17] showed that if the action has a certain spectral gap property (with respect to some probability measure invariant under the group action) relative to a Banach space E, then the resulting spaces do not admit coarse embeddings (see [NY12, Chapter 5]) into E. Sawicki [Saw17, Proposition 7.4] also introduced a notion of piecewise property A, and showed that under certain conditions, a warped cone has this property if and only if the group Γ is exact.
Given this background, our construction of Λ 1 and Λ 2 as in (ii) of Corollary 3.1, as well as that in Theorem B, may have the potential to provide examples of metric spaces of interest in the context of warped cones of the groups actions Λ 1 ↷ K and Λ 2 ↷ K by the left multiplications. Note that these actions are (set-theoretically) free and minimal. If we regard them as actions on a probability measure space by equipping K with the Haar-measure probability ν, then they are probability measure preserving and ergodic, namely, it holds that
where 1 means the constant 1 function on K. Here for i ∈ {1, 2}, Λ i acts as Koopman representations:
, and L 2 (K, ν) Λ i denotes the subspace of Λ i -invariant vectors. Indeed, to see ergodicity, note that K ↷ K is ergodic. By density of Λ 1 and Λ 2 in K, we obtain the desired property. Moreover, we can take H = SL(n, F p [X]) for n ≥ 3, where F p [X] denotes the onevariable polynomial ring with indeterminate X over F p and p prime, in the statement of Corollary 3.1. By a celebrated result of V. Lafforgue [Laf08] , every measure-preserving action of that group on a probability measure space has a spectral gap relative to every Banach space E of non-trivial type; see [MS18, Example 2.18.(4)] for the definition and further references.
Ingredients of the proof of Theorem A
In this paper, hereafter, for each n ∈ N we set M n = (N ≤n =){0, 1, . . . , n}.
4.1. The space of marked groups. Fix k ∈ N ≥1 . The space of k-marked groups, we write as G(k), was intensively studied by Grigorchuk [Gri84] . Here we briefly recall the definition of it and diagonal product associated to LEF approximations. We refer the reader to [MS13, Subsections 2.1, 2.3 and 5.1] for more details and references. Throughout this paper, for a group G, write its unit as e G .
A k-marked group is a pair (G; S) = (G; s 1 , . . . , s k ) of a group G and an ordered k-tuple S = (s 1 , . . . , s k ) (called a k-marking of G) that generates G (as a group). We use the symbol G to express a marked group. We identify two marked groups
In the setting above, we say a map ψ∶ G 1 → G 2 is a marked group quotient if ψ∶ G 1 ↠ G 2 is a homomorphism that sends each s
It is a graph with edge colorings with color set [k] and with edge orientations, defined as follows. The vertex set is G, and for each j ∈ [k], we draw an edge with orientation from g to s j g in color j(∈ [k]). We endow it with the shortest-path distance d G (here we ignore edge orientations to consider shortest paths). For each R ∈ N and g ∈ G, denote by B CayD(G) (g, R) the (closed) R-ball centered at g. It is equipped with the structure of a rooted diagram, more precisely, we set the root as g ∈ G, the vertex set as
, and the edge set as the set of all edges whose both terminal points belong to B G (g, R), with remembering all of those edge-colorings and edge-orientations.
The space G(k) is endowed with a natural topology, which is compact and metrizable. It is called the Cayley topology in some literature. The convergence in the Cayley topology corresponds to the local convergence of rooted diagrams. More precisely, G m → G ∞ in the Cayley topology if and only if the following holds: For every R ∈ N, there exists m R ∈ N such that for every m ∈ N ≥m R , the two rooted diagrams B CayD(Gm) (e Gm , R) and B CayD(G∞) (e G∞ , R) are isomorphic (as rooted diagrams). Here two rooted diagrams D 1 and D 2 , with the common edge color set [k], is isomorphic if there exists a graph automorphism between them that sends the root of D 1 to the root of D 2 and that preserves the edge color (in [k]) and the edge orientation of each edge. We write the convergence
k ) in the Cayley topology if and only if the multiplication tables in G m and in G ∞ tend to coincide in larger and larger balls (of the two Cayley diagrams) as m → ∞ with respect to the correspondence s
If a convergent sequence G m Cay → G ∞ is such that for every m ∈ N, G m is a finite marked group (namely, the underlying group G m of G m is finite), then we call the sequence
Note that the RF and the LEF properties are, respectively, closed under taking finitely generated subgroups (these properties may be defined for countable groups and this closeness holds in that context, but in this paper we only need it among finitely generated subgroups). In fact, for the LEF property for finitely generated groups, the following is easily seen from the characterization above of Cayley convergence. In this paper, for l ∈ N ≥1 Cwe denote by F l the (non-abelian) free group of rank l.
in the Cayley topology. Let ω 1 , . . . , ω k be words in F l . Let k ∈ N ≥1 , and for every
k ) in the Cayley topology.
In particular, if we a priori know that ((G m ; s
k )) m∈N converges to a marked group (G; s 1 , . . . , s k ) in the Cayley topology in the setting above, then L ∞ contains an isomorphic copy of G. Throughout this paper, we will freely use Lemma 4.1 without mentioning that. We define the diagonal product of a (sub)sequence of l-marked groups as follows:
Here Λ (M) is the group generated by (v
). If we take M = N, then in this paper, we simply write
). Then the relationship between Λ above and L ∞ is explained in the
for each j ∈ [l] induces the following short exact sequence
), then the following two assertions hold true:
Remark 4.2. In fact, in the setting above, Λ is a locally-normally-finite-lift of L ∞ . Here a countable group N is said to be locally normally finite if for every non-empty finite subset F of N , the normal closure ⟪F ⟫ N of F in N is finite; see [BZ17] . For instance, Alt(Z), see Subsection 4.5, is locally finite but it is not locally normally finite.
In general, Λ above is not identical to the Cayley limit L ∞ . We include the following lemma due to its own interest. We do not use it in this paper because in our construction, we can take a well-chosen LEF approximation of a finitely generated RF group H in the proof of the last assertion of Theorem A; compare with Subsection 4.4. This lemma deals with an arbitrary LEF approximation of H, and may be combined with Lemma 4.1. Lemma 4.3. Let H be a finitely presented RF group and (h
), after deleting finitely many H m from the LEF approximation if necessary, we have that
) as a marked group. In particular, the underlying groupH of ∆ m∈N (H m ) is isomorphic to H.
Proof. Since H is finitely presented, there exists R ∈ N such that all relations in terms of (h
(e H ; R). Fix such an R. Then by definition of convergence in the Cayley topology, there exists m R such that for every m ∈ N ≥m R , the ball in the Cayley diagram B CayD(Hm;h
. . , h l ) satisfies all relations that suffice to define H. This means that the map h
On the other hand, by construction of diagonal products, the map ∶ h j ↦ h (∞) j for j ∈ [l] extends to aH ↠ H; these give an isomorphism H ≃H.
Remark 4.4. The proof above, in particular, implies that for finitely presented groups, the LEF property is equivalent to the RF property. It was proved in [VG97, 2. Theorem].
We also record the following proposition, which discusses permanence of property (T)
). Let Λ be the underlying group of ∆ m∈N ((L m )). Then Λ has property (T) if and only if so does L ∞ .
Proof. "Only if" direction is obvious because L ∞ is a quotient of Λ. In what follows, we show "if" direction. Suppose that L ∞ has property (T).
Recall from the beginning of this section that we let M n = {0, 1, . . . , n} for each n ∈ N. Set N n = N ∖ M n . Then, by the short exact sequence above Remark 4.2, we have a convergence
as n → ∞. Then, we appeal to the following celebrated theorem by Shalom [Sha00, Theorem 6.7]: The set of l-marked groups with property (T) forms an open subset in G(l). Therefore, there exists n ∈ N such that the underlying group Λ (Nn) of ∆ m∈Nn (L m ) has property (T). For such an n, consider a short exact sequence
Since the normal subgroup of Λ above is finite and Λ (Nn) has property (T), we conclude that Λ has property (T).
4.3.
A corollary to the Goursat lemma. As we argued in Subsection 4.2, for a given
we constructed a finitely generated RF subgroup Λ of K = ∏ m∈N L m as the underlying group of the diagonal product. This Λ is not necessarily dense in K. However, a corollary to Goursat's lemma provides a sufficient condition of density, as we will see in Lemma 4.7.
Recall the (part of the) statement of Goursat's lemma.
Lemma 4.6 (Goursat's lemma). Let H 0 , H 1 be a group. For i ∈ {0, 1}, let π i ∶ H 0 ×H 1 ↠ H i be the projection onto the i-th coordinate. Let Σ ⩽ H 0 × H 1 be a subgroup of
Then N 0 and N 1 are naturally regarded as normal subgroups, respectively, of H 0 and H 1 . Furthermore, it holds that
The following lemma roughly states that if L m , m ∈ N, are pairwise "coprime" in terms of finite simple groups (quotients), then density is automatic. Recall that every finite group admits a composition series. Recall also that a set of the simple groups appearing in this series (it is called the set of composition factors) does not depend on the way how we take a composition series; this is the Jordan-Hölder theorem. Here we do not regard {e} as a simple group.
In particular, if no finite simple group appears as a composition factor of L m for two distinct m, then Λ above is dense in K above.
This lemma might be standard for experts. Nevertheless, we include the proof for the sake of convenience.
Proof. Desired density is equivalent to saying that for every n ∈ N, the projection onto coordinates from 0-th to n-th, π ↠ L m . We prove the surjectivity by induction on n ∈ N ≥1 . For n = 1, apply Lemma 4.6 for
). Then for N 0 and N 1 as in Lemma 4.6, it holds that
By our assumption, it happens only if these two isomorphic groups are trivial. Hence N 0 = L 0 and N 1 = L 1 ; these equalities exactly tell that Λ (M 1 ) = L 0 × L 1 , as desired. In our induction step, apply Lemma 4.6 for
).
The latter (weaker) statement of Lemma 4.7 also follows from some counting argument without the aid of Goursat's lemma; compare with the argument in [LW93, Example 4.1].
4.4. Relation to profinite completions. We explain the relation between diagonal products of LEF approximations and profinite completions of RF groups. Recall our notation of diagonal product from Subsection 4.2.
Let L ∞ be a finitely generated RF group. The RF property is equivalent to existence of a nested sequence (N m ) m∈N (that means, for every m ∈ N, it holds that N m+1 ⩽ N m ) of finite index normal subgroups of L ∞ such that ⋂ m∈N N m = {e L∞ }. In this paper, we call such a sequence a chain of normal subgroups of L ∞ . For such a chain (N m ) m∈N , we can construct a projective system
) be a marking of L ∞ . Then, since (N m ) m∈N is nested and
Now we go back to the setting of a LEF approximation of a general LEF group.
) n∈N forms a projective system of the RF group Λ. Therefore, we have the marked group isomorphism
Moreover, the following holds true: If (L m ) m∈N satisfies the condition of (the former statement of) Lemma 4.7, then the profinite completionΛ (Nn)n (= lim
) with respect
Hence, in this case, the action Λ ↷ K = ∏ m∈N L m may be regarded as the profinite action
see [AE12] for more details on profinite actions.
4.5. Encoding into alternating groups. We will explain ways to encode information of a convergence sequence in the Cayley topology into alternating groups. This procedure plays a key role, in relation to Lemma 4.7, to show density of finitely generated subgroups in our construction. First we discuss encoding into symmetric groups. Before proceeding to that, we collect our notation. Let B be a non-empty, at most countable set. Denote by S(B) the full symmetric group of B and by S <ℵ 0 (B) the finitary symmetric group (the group of all permutations on B with finite support). By Alt(B), we mean the alternating group over B, namely, the union of Alt(B 0 ) over all non-empty finite subsets B 0 ⊆ B via the natural inclusion
Without loss of generality, we assume that for every m ∈ N ∪ {∞} and for every j ∈ [k], it holds that s (m) j ≠ e Gm . Our encoding into symmetric groups goes as follows: Let G be a countable group and γ ∈ G ∖ {e G }. Then define two elements χ γ and θ γ in S(G) by χ γ = (the transposition on {e G , γ}), θ γ = (the permutation on G given by the right-multiplication of γ).
Then, it holds that for every m ∈ N, (χ s
Here for an infinite countable group G, the action of G in the group S <ℵ 0 (G) ⋊ G is given by the multiplication by right G ↶ G. Moreover, we have that in G(2k),
see [MS13, Remark 5.3] for more details.
We proceed to encoding into alternating groups. For each m ∈ N and each j ∈ [k], χ s 
is a (3k − 1)-marking of Alt(G m ) for every m ∈ N and it is a (3k
with respect to the (3k − 1)-markings above for m ∈ N ∪ {∞}.
4.6.
Standard wreath products and a variant of Hall's embedding. The following idea enables us to reduce the number of generators of groups with a certain group property by employing wreath products. It is inspired by a construction of Hall [Hal61, 1.5], which has its origin in the work of B. H. Neumann and H. Neumann [NN59] . Hall employed unrestricted wreath products in his construction (namely, instead of
However, in this paper we consider a variant of it, which utilizes standard restricted wreath products. We take this adaptation in order to obtain a LEF group as a resulting group; see discussion below. For a standard (restricted) wreath product G ≀ H = (⊕ H G) ⋊ H, we identify an element in ⊕ H G with a map f ∶ H → G such that for all but finite h ∈ H, f (h) = e G . In this way, we write an element in G ≀ H as (f, h), where f ∈ ⊕ H G and h ∈ H. We write the map f ∶ H → G that sends all h to e G as e. This is the group unit of ⊕ H G. For g ∈ G and h ∈ H, we denote by gδ h the element
2 γ 1 γ 2 . As we mentioned in Section 2, the LEF property for finitely generated groups is closed under taking standard (restricted) wreath products. More precisely, if G m
Here for two marked groups G = (G; s 1 , . . . , s k ) and H = (H; t 1 , . . . , t l ), G ≀ H is a marked group with underlying group G ≀ H whose marking is given by ((s 1 δ e H , e H ), (s 2 δ e H , e H ), . . . , (s k δ e H , e H ), (e, t 1 ), (e, t 2 ), . . . , (e, t l )).
Remark 4.8. This is in contrast to the RF property. Gruenberg showed that if G ≀ H is RF for an infinite H, then G must be abelian; see [MS13, Subsection 2.2] for more details and references.
Lemma 4.9 (Adaptation of the Hall embedding). Let G be a finitely generated LEF group and S = (s
Let Γ = Γ (G;S) be the group generated by w (∞) and u (∞) . Then, Γ is LEF and it contains an isomorphic copy of the subgroup of G generated by
Proof. The LEF property of Γ follows from the argument above Lemma 4.9. In what follows, we prove the latter assertion.
For
The key observation here is that for i, j, i
and only if either of the following is satisfied:
• i = j and i ′ = j ′ ; in that case, the value of the equality above is 0,
It implies that for every
for n = 0 and f (∞) i,j (n) = e G otherwise. It proves our assertion.
Remark 4.10. In the proof of Lemma 4.9, let Γ 0 be the group generated by {w
where π is the projection to the 0-th coordinate of ⊕ Z G, such that N is finitely generated and central in Γ 0 . Indeed, N is a subgroup of a finitely generated abelian group
and N is central in Γ 0 . We will not use this observation in our proof of Theorem A. We will employ it in the proof of Proposition 6.1; see Section 6.
Proof of Theorem A
Recall our outlined proof of Theorem A from Section 2. The second and fourth steps are already described, respectively, in Subsections 4.5 and 4.2. The first step will be explained in Subsection 5.1 (Lemma 5.1). In the third step we employ Proposition 5.3, which is a combination of a Hall-type embedding argument (Lemma 4.9) and an absorption lemma ([BE15, Lemma 6.13]). We will explain it in Subsection 5.2. In Subsection 5.3, we demonstrate the complete proof of Theorem A. 5.1. An auxiliary lemma. We prove the following auxiliary lemma, which enables us to embed a finitely generated LEF group into a LEF group generated by finitely many torsions.
Lemma 5.1 (Embedding into a LEF group generated by involutions). Let G be a finitely generated LEF group. Then there exists a finitely generated group G # that satisfies the following three conditions.
• G # admits a set of generators all of whose elements are of order 2.
• G # contains an isomorphic copy of G.
• G # is LEF.
Proof. Let G be a LEF group generated by s
k . In what follows, we construct a group G #(1) , generated by (k + 1)-elements a, b, s
# (1) 1 , . . . , s
#(1)
k−1 , such that the following hold:
• a and b are torsions of order 2.
• For every j ∈ [k − 1], the order of s • G #(1) contains an isomorphic copy of G.
•
Iteration of this procedure will yield a desired group G # . Our construction goes as follows:
n = e Dn ⟩ the dihedral group of degree n (if n = ∞, ignore the relation (c n d n ) n = e Dn ). Let n ∞ ∈ N ≥2 ∪ {∞} be the order of s k . Then, set
where we consider Z ∞Z to be Z. Here the amalgam on the right hand side is taken with respect to homomorphisms Z n ∞ Z ↪ D n∞ and Z n ∞ Z ↪ G that sends 1 ∈ Z n ∞ Z, respectively, to c n∞ d n∞ and s Remark 5.2. The proof above of Lemma 5.1 shows that if G above is RF, then we can take G # such that it is moreover RF.
Burger and Mozes [BM00] constructed an example of a group of the form F * E F , where F and E are finitely generated free groups and E is of finite index in both sides of F , such that it is finitely presented and simple. In particular, it is not LEF; recall Remark 4.4. On the other hand, our proof above works even when n ∞ = ∞ because in our case, regardless of the group ⟨s (m) k ⟩, we can adjust D ∞ to its finite quotient D nm and have compatibility in order to obtain an amalgamated free product D nm * Z nmZ G m in every finitary stage.
5.
2. An absorption lemma with a Hall-type argument. The third step in the outlined proof of Theorem A described in Section 2 will be done by combination of a variant of the absorption lemma and a Hall-type argument (see Subsection 4.6). The result is Proposition 5.3 below. Here the terminology of the absorption lemma comes from the following: In [BE15, Lemma 6.13], Bartholdi and Erschler proved that for every finitely generated group G with k-marking S, there exists a sequence of
(with respect to some marking of the Cayley limit group) for some cyclic groups C 1 , . . . , C k ; see also discussion in [MS18, Subsection 6.2]. This procedure may be regarded as "absorbing the original group G into an abelian group by taking the standard (restricted) wreath product with Z." ) m∈N , where for each m ∈ N, w m , t m , u m ∈ L m such that all of the following conditions are satisfied:
)) m∈N converges in the Cayley topology to a marked group with underlying group Γ 1 = C ≀ Z, where C is a cyclic group of the same order as that of (s
)) m∈N converges in the Cayley topology to a marked group with underlying group Γ 2 . Here Γ 2 contains an isomorphic copy of the subgroup of G ∞ generated by {[s as a strictly increasing sequence of primes. The latter example will be used in the proof of Theorem A.
Here f (m) is defined by for n ∈ Z p m Z,
Finally, set L m as the subgroup of G m ≀ (Z p m Z) generated by w (m) and u (m) . We claim that this construction meets with all of the three assertions (1)-(3) in the proposition. Since p ′ m and p m are coprime, (1) holds true. In what follows, we verify (2) and (3). We only give an outline; we refer the reader to [MS13, Subsection 5.1] and [MS18, Lemma 6.4 and Lemma 6.5] for the idea behind our argument. The key here is that multiplying t (m) in L m does not interact the support of f (m) in a local picture. More precisely, the following holds true: For every R ∈ N, there exists m R ∈ N such that for every m ∈ N ≥m R , it holds that for all r ∈ Z such that r ≤ R, two elements w (m) and (t
where
The element t (∞) is (e, (0, 1)). The group Γ 1 is the subgroup of G ∞ ≀ Z 2 generated by w (∞) and t (∞) . By letting C be a cyclic group of the same order as w (∞) , we have the marked group isomorphism
where c is a generator of C and s is the shift by +1 on Z. This proves (2); this part of our argument is a variant of the absorption lemma. In a similar argument to above, we may have that
Here w (∞) ∈ G ∞ ≀Z 2 is the same elements as above and u (∞) = (e, (1, 0)); Γ 2 is the subgroup of G ∞ ≀Z 2 generated by w (∞) and u (∞) . Then, a similar argument to the proof of Lemma 4.9 shows (3); this part of our argument is a variant of Hall-type embeddings.
5.3. Proof of Theorem A. We separate the proof into two parts: The proof of the main assertions ( (1)-(3) ) and that of the last assertion on H. Recall our definition of θ γ from Subsection 4.5.
Proof of the main assertions of Theorem A. We follow the outlined proof as in Section 2 by steps. Let G be a finitely generated LEF group.
Step 1. By Lemma 5.1, our G embeds G # that admits a marking (s
Here we may assume that G m is at least 5, strictly increasing with m, and divisible by 4. Step 2. Encode information of this convergence G m Cay → G ∞ into alternating groups in the way as in Subsection 4.5. Here note that since G m , m ∈ N, is divisible by 4, θ γ for γ in the marking of G m all have positive signs. Thus, we obtain a (6k − 1)-
, is either of order 2 or of order 3 by construction.
Step 3. Since G m ≥ 5 and it is divisible by 4, by [Ore51] , for every m ∈ N the following holds true: Each ξ
may be written as a single commutator. More
are, respectively, either of order 2 or order 3. Consider a sequence of (12k − 3)-marked groups
6k−1 )) m∈N . This sequence itself is not necessarily a converge sequence, but by compactness of G(12k−3), it admits a convergent subsequence in the Cayley topology. Hence, after passing to a subsequence, we may assume that the sequence above is a convergent sequence in the Cayley topology. Now apply Proposition 5.3 to this LEF approximation. We obtain
) m∈N as there. One of the keys to our proof of Theorem A is that, in fact, for every m ∈ N
holds true. Importance of it is in relation to density of the resulting Λ 1 and Λ 2 ; see Step 4 below. To see the equality above, a similar argument to the proof of Lemma 4.9 implies that for every j ∈ [6k − 1], the element ξ
6k−1 ) is a marking of Alt(G m ), the claim above is confirmed.
In summary, we have obtained two systems of 2-markings ((w (m) , t
)) m∈N and
)) m∈N converges in the Cayley topology to a marked group with underlying group Γ 1 . Here Γ 1 is of the form C ≀ Z and C is finite cyclic by Step 2. (More precisely, C = Z 6Z in our construction; some modification enables us to take C to be Z 2Z.)
)) m∈N converges in the Cayley topology to a marked group with underlying group Γ 2 . Here Γ 2 contains an isomorphic copy of ⟨ξ
in particular, Γ 2 contains an isomorphic copy of the original G.
Step 4. Take the diagonal products, respectively, of the two sequences of marked groups
)) and
where we set n m = G m for every m ∈ N. Then, assertions (1) and (2) follow from
Step 3; recall also Subsection 4.2. Indeed, for (1), note that a locally-finite-lift of C ≀Z is in particular that of Z because C is finite. (On the other hand, we warn that a locally-normally-finite-lift of C ≀ Z is not necessarily a locally-normally-finite-lift of Z; recall Remark 4.2. For instance, consider
Finally, we prove (3) (density). Recall that n m ≥ 5 and p m is a prime for every
Because n m and p m are respectively strictly increasing with m ∈ N, each finite simple group appears as a composition factor of L m for at most one m ∈ N. Therefore, Lemma 4.7 applies, and we conclude that Λ 1 and Λ 2 are both dense in K. This completes our proof.
Proof of the last assertion of Theorem A. Apply Lemma 5.1, and then we obtain a finitely generated RF group H # generated by elements of order 2; see Remark 5.2. Since H # is RF, we can take a LEF approximation (H m ) m∈N = (H # N m ) m of H # (with respect to appropriate markings) coming from a chain (N m ) m∈N of normal subgroups of H # ; recall Subsection 4.4. In a similar way to one in the proof above, we may assume that each θ γ for γ in the marking of H m has a positive sign.
In our construction in the proof of the main assertions of Theorem A, replace G # with G # × H # ; replace a LEF approximation (G m ) m∈N with (G m × H m ) m∈N with standard markings associated to direct products of two marked groups. Obtain two sequences of 2-marked groups ((L m ; w (m) , t
)) m∈N in this setting.
We finally claim that the underlying group
)) contains an isomorphic copy of H # . To show this, first recall from Subsection 4.4 that
)).
Write the marking (h
) of H # which was used to construct w and u above.
For every m ∈ N, set h
. Then, for every m ∈ N, we have a group isomorphism ⟨θ h
. Then, by our construction of (H m ) m∈N , we have the following marked group isomorphism: 6. Encoding into special linear groups and proof of Theorem B
The goal of the former half of this section is to prove the following proposition.
Proposition 6.1. Consider the following two conditions on a group property P for countable discrete groups:
(a-1) The property P is closed under taking overgroups and formation of finitely-generatedcentral-lifts. (Here "central" means that the kernel of the projection associated to the lift is central in the lift.) (a-2) The property P is closed under taking subgroups. Moreover, if Γ has P, then so does Γ ≀ Z 2 .
Let P 1 , P 2 be a properties of countable groups such that both of them are respectively closed under taking locally-finite-lifts. Assume that P 1 satisfies (a-1) and that P 2 satisfies (a-2).
Assume that there exists a finitely generated LEF group G that satisfies P 1 and P 2 .
(i) Then there exists (n m ) m∈N a strictly increasing sequence of integers at least 5 that satisfies the following: For the compact group K = ∏ m∈N Alt([n m ]), there exist a 5-generated subgroup Λ 1 ⩽ K dense in K and an element u ∈ K such that • the group Λ 1 is elementary amenable;
• the group Λ 2 ⩽ K that is generated by Λ 1 and u has P 1 and P 2 . (ii) Then there exists (n m ) m∈N a strictly increasing sequence of integers at least 4 that satisfies the following: For every prime number p and for the compact group K = ∏ m∈N SL(n m , F p ), there exist a 4-generated subgroup Λ 1 ⩽ K dense in K and an element u ∈ K such that
• the group Λ 1 is elementary amenable;
• the group Λ 2 ⩽ K that is generated by Λ 1 and u has P 1 and P 2 . Moreover, the following holds true for both cases of (i) and (ii): For every finitely generated RF group H with finitely generated [H, H] such that G × H has P 2 (where G is as above), we may construct K, Λ 1 , u such that Λ 2 contains an isomorphic copy of [H, H].
Our construction of (ii) above may be of its own interest in connection with the original Lubotzky-Weiss conjecture; see Theorem B and Subsection 6.3. Finite generation of [H, H] for above H holds, for instance, if abelianization of H is finite.
Remark 6.2. We exhibit some examples of P fitting in the conditions of Proposition 6.1. The failure of exactness satisfies (a-1), and it is closed under taking locally-finite-lifts; see Proposition 3.3.
The property of non-existence of infinite subgroups with property (T) fulfills (a-2), and it is closed under taking locally-finite-lifts. This is because discrete amenable groups with property (T) must be finite. The property above is strictly weaker than a-T-menability. By combination of Proposition 6.1 and Remark 3.2, we may arrange Λ 2 both as in (i) and (ii) of Proposition 6.1 such that Λ 2 is non-exact and that it does not admit an infinite subgroup with property (T).
Remark 6.3. Neither of a-T-menability nor the failure of it is closed under taking locally-(normally-)finite-lifts. Indeed, for a-T-menability, let G = F 2 andG = (Z 2Z) ≀ SL(3,Z) F 2 .
More precisely,G above is the permutational (restricted) wreath product
where the F 2 -action on ⊕ SL(3,Z) (Z 2Z) is given by composition of a fixed surjective homomorphism F 2 ↠ SL(3, Z) and the multiplication of SL(3, Z) by right. Then,G is a locally-finite-lift of an a-T-menable group G; nevertheless, Chifan-Ioana [CI11] showed that it fails to be a-T-menable.
For the failure of a-T-menability, now switch our (G,G) to the following: Set G = (Z 2Z) ≀ SL(3,Z) F 2 andG = (Z 2Z) ≀ F 2 , where we fix a projection map F 2 ↠ SL(3, Z).
Again, in this new setting,G is a locally-finite-lift of G. This time, G is not a-T-menable. However, Cornulier-Stalder-Valette [CSV12] proved that thisG is a-T-menable.
Similar constructions to two above show that neither of coarse embeddability into a Hilbert space nor the failure of it is closed under taking locally-finite-lifts. Indeed, in the two constructions above, replace F 2 and SL(3, Z), respectively, with the groups "H" and "G" as in [AT18] .
6.1. Encoding into special linear groups. Before proceeding to the proof of Proposition 6.1, we explain our encoding in the case of special linear groups. See [MS13, Subsection 5.3] for more detailed arguments.
First we start from our notation. Let B be a non-empty at most countable set. Let R be an associative ring with unit, possibly non-commutative. Consider the semigroup of all matrices (a i,j ) i,j∈B over R such that a i,j = 0 all but finitely many j for every fixed i and that a i,j = 0 all but finitely many i for every fixed j. This is in fact a monoid with unit I (the identity matrix). We define GL(B, R) as the group of all invertible elements of this monoid. If moreover R is commutative, then by SL(B, R), we denote the union of SL(B 0 , R)(= {g ∈ Mat B 0 ×B 0 (R) ∶ det(g) = 1}) over all non-empty finite subsets B 0 ⊆ B via the natural inclusion GL(B 0 , R) ↪ GL(B, R). For i, j ∈ B with i ≠ j and r ∈ R, we define an elementary matrix e a i,j by
This is an element in GL(B, R) (it is in SL(B, R) if R is commutative).
Without loss of generality, we assume that for every m ∈ N ∪ {∞} and for every j ∈ [k], s (m) j ≠ e Gm holds. Similar to the case of alternating groups in Subsection 4.5, we now assume that for each m ∈ N and each j ∈ [k], the element θ s (m) j ∈ S(G m ) has a positive sign. For a countable group G, for γ ∈ G ∖ {g} and for a prime p, define elements σ γ = σ γ (p) and τ γ = τ γ (p) in GL(G, F p ) by σ γ = e 1 e G ,γ , τ γ = (the permutation matrix by the shift on G by the right multiplication of γ).
More precisely, for g, h ∈ G, (τ γ ) g,h equals 1 if h = gγ and 0 otherwise. Note that if G < ∞ and if θ γ ∈ S(G) has a positive sign, then τ γ belongs to SL(G, F p ).
is a locally-finite-lift of Γ 2 and it contains an isomorphic copy of Γ 2 . Therefore, it has P 1 and P 2 .
Step 4. In each case of encoding as in Step 3, take the diagonal products of two sequences of marked groups. This leads us to a desired construction by Lemma 4.7. More precisely, in the case of special linear groups, apply the former (stronger) statement of Lemma 4.7. Here note that the set of simple quotients of SL(n m , F p ) is {PSL(n m , F p )} because n m ≥ 4. The last assertion on H may be proved in a similar way to one as in the proof of the last assertion of Theorem A.
Note that the latter (weaker) form of Lemma 4.7 does not apply to the case of special linear groups if p > 2. This is because Z 2Z appears as a composition factor for all m ∈ N; recall that n m is even in our construction.
6.3. Proof of Theorem B. On this latter half of this section, we prove Theorem B.
Before our proof, we give the definition of elementary group over a ring. Let R be an associative ring with unit and n ∈ N ≥2 . Then the elementary group of degree n over R, here we write as E(n, R), is defined by the subgroup of GL(n, R) generated by elementary matrices e r i,j , i ≠ j ∈ [n], r ∈ R; recall our notation from Subsection 6.1. A celebrated theorem by Ershov and Jaikin-Zapirain [EJZ10] states that for every n ∈ N ≥3 and for every finitely generated (unital associative) R, the group E(n, R) has property (T). In particular, it applies to the case where R = Z⟨X, Y ⟩, which denotes the non-commutative polynomial ring over Z with indeterminates X and Y .
Remark 6.4. In [Mim15] , the author proved the following strengthening of the aforementioned theorem: For every n ∈ N ≥4 and for every finitely generated (unital associative) R, the group E(n, R) has the fixed point property with respect to L r -spaces for all 1 < r < ∞. Indeed, the fixed point property above is known to be strictly stronger than property (T), which is equivalent for countable groups to the fixed point property with respect to L 2 -spaces. See [BFGM07] for details. See also an expository article [Mim16] for the method of "upgrading fixed points", which was employed in [Mim15] to prove the fixed point property above. This reference [Mim16] also provides a simpler alternative proof (but without supplying any estimate of Kazhdan constants) of the theorem of Ershov and Jaikin-Zapirain.
Let Λ be a finitely generated group and Λ ↷ (Ω, µ) be a measure preserving action on a measure space. We say that this action (possibly non-ergodic) has a spectral gap if for some (equivalently, every) finite generating set S of Λ, there exists ǫ = ǫ S > 0 such that for every f ∈ L 2 (Ω, µ), it holds that
Though the exact value of ǫ S be affected by the choice of S, strict positivity of (best possible) ǫ S does not depend on it.
Proof of T heorem B. First we recall the resolution of the Lubotzky-Weiss conjeture (property (T) part) in [EJZ10] in the following form: For a sequence (n m ) m∈N of strictly increasing sequence of positive integers divisible by 4 and for a prime p, there exists a finitely generated dense subgroup Λ 3 of K = ∏ m∈N SL(n m , F p ) with property (T). The proof was done in [EJZ10, Subsection 6.3]; nevertheless, we include a (slightly different but essentially the same) proof for convenience of the reader. Recall that in our construction, we can arrange (n m ) m∈N such that every n m is divisible by 4; set n This map projects the fixed marking T of E(4, Z⟨X, Y ⟩) to the corresponding marking T m of SL(n m , F p ). Finally, set Λ 3 as the underlying group of ∆ m∈N ((SL(n m , F p ); T m )). It is dense in K = ∏ m∈N SL(n m , F p ) by Lemma 4.7. We claim that Λ 3 has property (T). This follows from Proposition 4.5 and the aforementioned result in [EJZ10] . Alternatively, we may observe that Λ 3 itself is a group quotient of E(4, Z⟨X, Y ⟩) because each (SL(n m , F p ); T m ), m ∈ N, satisfies every relation on (E(4, Z⟨X, Y ⟩); T ). We, in particular, obtain a 4-generated example of Λ 3 . (Note that the latter proof, in fact, shows that the Λ 3 above has the fixed point property for L r -spaces for all r ∈ (1, ∞); recall Remark 6.4.) Then, we proceed to a construction of Λ 4 ↷ K. In the setting of (ii) of Proposition 6.1, construct Λ 1 and Λ 2 . In fact, we may employ Steps 1-3 as in the proof of Theorem A and then apply encoding into special linear groups. Then, the resulting Λ 2 contains an isomorphic copy of the given H, Λ 1 is a locally-finite-lift of Z, and they are dense in K = ∏ m∈N SL(n m , F p ) (and Λ 2 is 5-generated). Observe by our construction, we may arrange (n m ) m∈N such that each n m is divisible by 4. Let Λ 3 be another (4-generated) dense subgroup of K that has property (T), constructed in our first argument. Finally, let Λ 4 be the group generated by these Λ 2 and Λ 3 (which is 9-generated and dense in K). We claim that Λ 4 satisfies all of the three conditions as in Theorem B. Indeed, the first and second conditions are fulfilled by construction. For the third condition on spectral gaps, since Λ 3 has property (T), Λ 3 ↷ K has a spectral gap. Now by density of Λ 3 in K, Λ 3 ↷ K is ergodic; recall our discussion in Remark 3.4. From this, it is clear that the spectral gap property for Λ 4 ↷ K follows from that for Λ 3 ↷ K. See also Remark 6.5 for an alternative argument for the spectral gap property.
Remark 6.5. It is straightforward (see [LZ03, Proposition 1.15] and [AE12] ) to see that for a finitely generated RF group Λ and a chain (N m ) m∈N of normal subgroups (recall Subsection 4.4), the profinite action lim ← m (Λ ↷ Λ N m ) has a spectral gap if and only if the actions (Λ ↷ Λ N m ) m∈N has a uniform spectral gap. It means for some (equivalently, every) finite generating set S of Λ, the value of (best possible) ǫ S as in the definition above of having spectral gaps for the action Λ ↷ Λ N m , m ∈ N, is uniformly bounded away from zero; this condition is equivalent to saying that the sequence of the Cayley graphs of ((Λ N m ; S mod N m )) m∈N forms an expander family ([NY12, 5.6]). It may be also restated as Λ has property (τ ) with respect to the chain (N m ) m∈N ; see [LZ03] for details on property (τ ).
In this point of view, we may have a more graph-theoretical proof of the spectral gap property for Λ 4 ↷ K in the proof of Theorem B, as follows: By argument in Subsection 4.4, it suffices to show that (Λ 4 ↷ ∏ m∈Mn SL(n m , F p )) n produces an expander family. Since Λ 3 has property (T), the system (Λ 3 ↷ ∏ m∈Mn SL(n m , F p )) n produces an expander family. Now note that (as long as degrees of graphs are uniformly bounded), being an expander family is a monotone property, that means, this property is closed under adding edges to each component of the original graph sequences: This is clear if we consider the characterization of expander families in terms of (Cheeger) isoperimetric constants ([NY12, Definition 5.6.3]), or of Poincaré-type inequalities. Therefore, (Λ 4 ↷ ∏ m∈Mn SL(n m , F p )) n yields an expander family, as desired. )) m is a LEF approximation that satisfies the condition of (the former statement of) Lemma 4.7, and Λ is the underlying group of ∆ m∈N (L m ). This is because, to switch to the corresponding profinite system, we need to lift L n to ∆ m∈Mn (L m ); recall Remark 6.5. Even if the sequence of the Cayley graphs of (L n ) n∈N forms an expander family, it may not be clear whether the same holds for (∆ m∈Mn (L m )) n∈N . This problem is a special case of [LZ03, Question 1.14]; in [AE12, Corollary 9], a counterexample to the original question of [LZ03] was constructed, but it is a family of non-normal finite index subgroups.
Remark 6.7. A remarkable result of Kaluba-Nowak-Ozawa [KNO17] , property (T) for Aut(F 5 ), together with a result of Gilman implies the following: There exists a strictly increasing sequence (c m ) m∈N of integers at least 5 such that the group ∏ m∈N Alt([c m ]) admits a finitely generated dense subgroup with property (T). This also serves as a source of a new counterexample to the Lubotzky-Weiss conjecture; see [LW93, Example 4 .1] for a construction of an amenable finitely generated dense subgroup in this setting. It might not be clear whether we may arrange (n m ) m∈N as in our Proposition 6.1 (or some variant) such that two sets of natural numbers, {c m ∶ m ∈ N} (as in the statement above) and {n m ∶ m ∈ N}, have an infinite intersection.
Nevertheless, we may obtain Λ 4 as in the statement of Theorem B for the case where K = ∏ m∈N Alt([n m ]), where (n m ) m∈N is some sequence of strictly increasing natural numbers at least 5 (but numbers of generators of Λ 4 may get enormous). Indeed, to construct such a Λ 4 , we appeal to the following result: Kassabov [Kas07a] , together with KassabovNikolov [KN06] , constructed a finitely generated dense subgroup Λ 3 of ∏ m∈N ≥5 Alt([m]) such that it has property (τ ) (with respect to the family of all finite index subgroups); see also [Kas07b] . Compare with Remark 6.6.
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